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Quantum mechanics allows systems to be entangled with each other, which results in stronger
than classical correlations. Many methods of identifying entanglement have been proposed over
years, most of which are based on violating some statistical inequalities. In this work we extend the
idea due to Hardy, in which entanglement is not identified with use of statistical inequalities, but by
simultaneous satisfaction of certain conditions. We show that the new variant of the Hardy paradox
relying on marginal probabilities can be resolved only by true multipartite entangled states. Also,
the state resolving this paradox for given local measurements is pure and unique in case of qubit
collections.
PACS numbers: 03.67.Mn, 03.65.Ud.
I. INTRODUCTION
Fifty years ago Bell proved [1] that one can find mea-
surement correlations for a composite quantum system
which cannot be described by any local realistic theory
(LRT). Such theories can also be called local hidden vari-
able ones (LHVT), or local causal, see e.g. [2]. The
approach of Bell was statistical. Bell’s inequalities, in
fact, are statistical predictions about some sets of mea-
surements which can be made on particles far separated
from each other. A direct contradiction between quan-
tum mechanics and local realism was found in 1989 by
Greenberger, Horne and Zeilinger (GHZ) [3]. In their
argumentation they used correlations of a state of four
spin- 1
2
particles 1√
2
(| 0000〉− | 1111〉), and remarked that
for the three-qubit analog of the state their thesis holds
too. Although their proof is direct, it requires at least
the eight-dimensional Hilbert space. It works only for
the aforementioned states, in contrast to Bell inequali-
ties like [4], which can be violated by any pure state and
a wide range of mixed ones.
The structure of multipartite entanglement is not a
simple extension of the bipartite one. For example, for
three qubits there are two different classes of pure gen-
uinely three-partite entanglements, and also one may
have entanglement of just two parties. Most of features of
bipartite entanglement are well understood, whereas the
multipartite entanglement this is still not the case [5–14].
The rich structure of the multipartite entanglement can
be used for various tasks, such as quantum computation
[15], quantum simulation [16], quantum metrology [17].
This inspired broad theoretical and experimental studies,
[18, 19].
In 1992, Hardy [20] gave a proof of a no-go theorem
for local hidden variables which requires only two qubits
and does not require inequalities. We extend the ap-
proach of Hardy to more complicated situations, and
show that Hardy-type conditions for correlations pre-
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cisely determine a specific genuine multipartite entangled
state1, which can satisfy them.
By refereing to marginal probabilities, we introduce
a novel test of true multipartite entanglement based on
Hardy correlations. We demonstrate that our Hardy con-
ditions are satisfied by a unique pure state, which opens
many ways to new potential applications in quantum in-
formation processing tasks.
II. HARDY’S PARADOX.
Consider a physical system consisting of two subsys-
tems shared between two distant parties Alice and Bob.
The two observers (Alice and Bob) have access to one
subsystem each. Assume that Alice can execute experi-
ments measuring one (chosen at random) of the two di-
chotomic (±1-valued) variables uˆ1 and vˆ1, and Bob can
do the same with variables uˆ2 and vˆ2, also chosen at ran-
dom, and of a similar nature.
The Hardy-type argument [20] starts with the follow-
ing set of four joint probability conditions:
P (+,+|uˆ1, uˆ2) = q > 0,
P (+,+|vˆ1, uˆ2) = 0,
P (+,+|uˆ1, vˆ2) = 0,
P (−,−|vˆ1, vˆ2) = 0,
(1)
where P (j, k|X1, X2) denotes the joint probability of
observing result, with j, k = ±1 under local setting
Xi ∈ {uˆi, vˆi}, and we use the convention ± to denote
±1. This set of conditions cannot be satisfied by any
LRT [20]. Proof of this follows immediately by show-
ing a violation by the above probabilities of the following
inequality, which holds for local realistic models
P (+,+|vˆ1, uˆ2) + P (+,+|uˆ1, vˆ2)
+P (−,−|vˆ1, vˆ2)− P (+,+|uˆ1, uˆ2) ≥ 0.
(2)
1 The state is not-biseparable with respect to any partition of sub-
systems.
2The inequality is equivalent to the famous CH inequality
[21], or rather its left hand side:
−1 ≤ P (+,+|vˆ1, uˆ2) + P (+,+|uˆ1, vˆ2) + P (+,+|vˆ1, vˆ2)
− P (+|vˆ1)− P (+|vˆ2)− P (+,+|uˆ1, uˆ2) ≤ 0.
The equivalence is reached immediately, once one notices
that
P (−,−|vˆ1, vˆ2) = P (+,+|vˆ1, vˆ2)−P (+|vˆ1)−P (+|vˆ2)+1.
From conditions (1) in Eq. (2) we have 0 > −q > 0.
This contradiction proves that Hardy conditions cannot
be satisfied by any local realistic model.
A. Generalization of Hardy’s argument
Let us present a generalized form of Hardy’s argument.
Consider N subsystems shared among N separated par-
ties. Assume that i-th party can measure one of two
observables, uˆi and vˆi, on the local subsystem. The out-
comes xi of each such measurement can be 1, 2, ..., di.
Here di is the dimension of Hilbert space associated to the
i-th subsystem. We now consider all the joint probabil-
ities P (x1, x2, ..., xN |xˆ1, xˆ2, ..., xˆN ), where xˆi ∈ {uˆi, vˆi}.
A Hardy-type argument [20] can start from the following
set of conditions:
P (1, 1, ....., 1|uˆ1, uˆ2, ....., uˆN) = q > 0,
∀r, vr 6= dr : P (1, .., 1, vr, 1, .., 1|uˆ1, .., uˆr−1, vˆr, uˆr+1, .., uˆN) = 0, (3)
P (d1, d2, ......, dN |vˆ1, vˆ2, ....., vˆN ) = 0.
Here, we use the convention N + 1 ≡ 1. This set of
conditions cannot be satisfied by any LHVT.
To see this explicitly, let λ be a local hidden vari-
able (LHV), fully describing the entire system, taking
values from a set Ω and ρ(λ) be the complete state
description for the joint system. In a LHVT descrip-
tion there exists conditional probabilities p(uj|uˆj , λ),
p(vj |vˆj , λ), such that P (x1, x2, ..., xN |xˆ1, xˆ2, ..., xˆN ) =∫
λ∈Ω dλρ(λ)
∏N
j=1 p(xj |xˆj , λ), where xˆj ∈ {uˆj, vˆj}.
Thus, from the first condition in (3) we see that there
exists a hidden variable subset of Ω of a non-zero mea-
sure, say Ω′, within which for all i one has p(1|uˆi, λ) 6= 0,
and additionally ρ(λ) 6= 0. Now the second condition in
(3) provides us for all r, p(vr|vˆr, λ) = 0 for all vr 6= dr and
for all λ’s in Ω′. As one must have
∑dr
vr=1
p(vr|vˆr, λ) = 1,
this immediately implies that p(dr|vˆr, λ) = 1 for all
λ ∈ Ω′. Therefore,
P (d1, d2, ..., dN |vˆ1, vˆ2, ..., vˆN )
=
∫
λ∈Ω
∏N
r=1 p(dr|vˆr, λ) ρ(λ) dλ
≥
∫
λ∈Ω′
∏N
r=1 p(dr|vˆr, λ) ρ(λ) dλ
=
∫
λ∈Ω′ ρ(λ)dλ > 0,
which is in contradiction with the last condition from
set (3). Hence, conditions (3) cannot hold for LHVT.
A similar proof is also given in [22] for a three-spins- 1
2
system.
III. MODIFIED HARDY’S CONDITIONS FOR
THE GENERAL CASE
One can modify the above conditions (3), in a way
which we present below. Consider the following set of
joint probability conditions:
P (1, 1, ...., 1|uˆ1, uˆ2, ...., uˆN) = q > 0,
∀r and vr 6= dr : P (vr, 1|vˆr, uˆr+1) = 0, (4)
P (d1, d2, ...., dN |vˆ1, vˆ2, ...., vˆN ) = 0,
where P (vr, 1|vˆr, uˆr+1) denotes the marginal. The new
conditions cannot be satisfied by any LHVT. The proof
of this is similar to the previous one. Consider a LHVT
as above. From the first condition in (4) we see that
there exists a value range (Ω′′, say) of Ω within which,
for all r, all the probabilities p(1|uˆr, λ) and ρ(λ) are all
non-zero. The second condition from (4) provides us for
all r, p(vr|vˆr, λ) = 0 for all λ’s in Ω
′′ and for all vr 6= dr.
This immediately implies that p(dr|vˆr, λ) = 1 for all λ ∈
Ω′′. Therefore, P (d1, d2, .., dN |vˆ1, vˆ2, .., vˆN ) > 0, which
contradicts the last condition in (4).
Let us start with introducing the central theorem of
this work.
Theorem 1. Only a genuine multipartite entangled state
satisfies the modified Hardy-type conditions (4).
Proof. Consider state ρ satisfying conditions (4), which
is not genuinely N -partite entangled. Thus it is a con-
vex combination of (at least) bi-separable states. Each
of them is bi-separable with respect to some cut, say,
(1, 2, ...,m) vs. (m+1,m+2, ..., N). As all Hardy condi-
tions are expressed in terms of probabilities, there must
3be at least one term in the convex combination which
gives a non-zero contribution to the first condition, with
q > 0. Assume that such a term has the following form
Q(x1, ..., xm|xˆ1, ..., xˆm)R(xm+1, ..., xN |xˆm+1, ..., xˆN ). All
Hardy conditions must hold for this term. One must
have: by the first one
Q(1, ..., 1|uˆ1, ..., uˆm)R(1, ..., 1|uˆm+1, ..., uˆN ) = q
′ > 0,
(5)
whereas the middle conditions imply two important re-
lations
Q(vm 6= dm|vˆm)R(1|uˆm+1) = 0,
and R(vN 6= dN |vˆN )Q(1|uˆ1) = 0.
The structure of Q: Since by equation (5) one must
have R(1|uˆm+1) 6= 0, we get Q(vm 6= dm|vˆm) = 0,
which implies that Q(dm|vˆm) = 1. Thus the state of
the m-th particle in the considered term is pure, and
is the eigenstate of operator vˆm associated with the
eigenvalue dm. Therefore Q(x1, ..., xm|xˆ1, ..., xˆm) fac-
torizes to certain Q′(x1, ..., xm−1|xˆ1, ..., xˆm)Qm(xm|xˆm).
The mid Hardy condition implies also that Q′(vm−1 6=
dm−1|vˆm−1)Qm(1|uˆm) = 0, however again since
Qm(1|uˆm) 6= 0 one has Q
′(dm−1|vˆm−1) = 1. We have
a next factorization of Q. Proceeding like this we show
that Q fully factorizes.
The structure of R: we have R(vN 6= dN |vˆN )Q(1|uˆ1) =
0, form which follows, in the same way as before that
R(vN 6= dN |vˆN ) = 0, thus R(dN |vˆN ) = 1. Following the
same steps as above, we can show full factorization of R.
Thus the state representing the considered term is fully
factorizable. Such states admit local hidden variable
models, and as such cannot satisfy the modified Hardy
condition for q′ > 0. Hence we reach a contradiction with
condition (5). Since the proof is analogous for all cuts,
no mixture of bi-separable states with respect to different
cuts can satisfy all Hardy conditions.
A. Construction of state satisfying conditions (4)
Can one pinpoint a class of states which satisfy con-
ditions (4), for specific pairs of local observables? For
this purpose we will use a commonly known method, de-
scribed in Ref. [23]. Let us denote the eigenstates of uˆj
and vˆj as |uj〉 and | vj〉, respectively, where uj, vj denote
eigenvalues. Let us now look for all the n-partite product
states |φk〉 = |η〉1|η〉2.......|η〉N , each of which is associ-
ated to the zero probabilities given in argument (4):
|φk(x1, .., xr−1, vr 6= dr, ur+1 = 1, xr+2, .., xN )〉
≡ |x1〉....|xr−1〉| vr 6= dr〉|ur+1 = 1〉|xr+2〉....|xN 〉(6)
and |φ0〉 ≡ | v1 = d1〉| v2 = d2〉........| vn = dN 〉,
where |xl〉 is any state of the l-th subsystem. It is ob-
vious that all the product states given in Eq. (6) are
not linearly independent. Let there be only s linearly
independent product states {|φi〉}
s
i=1 of the form given
in Eq. (6). It is not very difficult to see that |φ0〉 is or-
thogonal to all the states given in Eq. (6). Thus, states
{|φi〉}
s
i=0 are all linearly independent states and span
a (s + 1)-dim. subspace S of Hd11 ⊗ H
d2
2 ⊗ ..... ⊗ H
dN
N .
Here s + 1 ≤ d1d2.....dN − 1, as |φ〉 = |u1 = 1〉|u2 =
1〉....| uˆN = 1〉 6∈ S.
To satisfy the conditions given in Eqs. (4), a state ρ has
to be confined to the subspace of Hd11 ⊗H
d2
2 ⊗ .....⊗H
dN
N ,
which is orthogonal to S, call it a Hardy subspace S⊥.
Thus, any state ρ ∈ S⊥ with 〈φ|ρ|φ〉 6= 0 will satisfy
conditions (4). If one can show that s can be big enough
to have s+1 = d1d2.....dN − 1, then the Hardy state ρ is
pure. Below we give examples for which this is the case.
B. 3-qubit Hardy-type state
Let us find the set of states ρ for which the conditions
for our Hardy-type argument given by conditions (4) are
satisfied for a given set of three observable pairs (uˆj , vˆj)
(j = 1, 2, 3). Take (for all j = 1, 2, 3):
|uˆj = 1〉 = αj |vˆj = 1〉+ βj |vˆj = 2〉,
|uˆj = 2〉 = β
∗
j |vˆj = 1〉 − α
∗
j |vˆj = 2〉,
where |αj |
2 + |βj |
2 = 1 and 0 < |αj |, |βj | < 1. The last
condition is due to the non-commutativity of uˆj and vˆj .
Linearly independent product states associated with the
zero probabilities of conditions (4) are:
|φ0〉 = | v1 = 2〉| v2 = 2〉| v3 = 2〉,
|φ1〉 = | v1 = 1〉|u2 = 1〉|u3 = 1〉,
|φ2〉 = | v1 = 1〉|u2 = 1〉|u3 = 2〉,
|φ3〉 = |u1 = 1〉| v2 = 1〉|u3 = 1〉,
|φ4〉 = |u1 = 2〉| v2 = 1〉|u3 = 1〉,
|φ5〉 = |u1 = 1〉|u2 = 1〉| v3 = 1〉,
|φ6〉 = |u1 = 1〉|u2 = 2〉| v3 = 1〉.
The product state associated with the first condition
reads |φ7〉 = |u1 = 1〉|u2 = 1〉|u3 = 1〉.
State ρ that corresponds to conditions (4), has to be
confined to a subspace of C2 ⊗ C2 ⊗C2, which is orthog-
onal to the subspace S = {|φi〉}
6
i=0. However, it’s not
orthogonal to the product state |φ7〉. The subspace S
has dimension seven, so ρ must be a pure genuine 3-
qubit entangled state, which we denote as |ψ〉. As one
can see, all the eight product states {|φi〉}
7
i=0 are lin-
early independent, hence by using the Gram-Schmidt or-
thonormalization procedure one can find an orthonormal
basis {|φ′i〉}
7
i=0, in which state |ψ〉 is its last member,
with i = 7:
|φ′0〉 = |φ0〉, |φ
′
i〉 =
|φi〉−
∑i−1
j=0
〈φ′j |φi〉|φ′j〉√
1−∑i−1
j=0
|〈φ′
j
|φi〉|2
, for i = 1, ..., 7.
The probability q in the conditions (4), for the Hardy
state, reads
q = |〈ψ|φ7〉|
2 = 1−
6∑
i=0
|〈φ′i|φ7〉|
2 =
|α1α2α3|
2|β1β2β3|
2
1− |α1α2α3|2
.
4Its maximum possible value is 0.0181938. Further exam-
ples of Hardy states for bipartite cases can be found in
[23].
For qubit systems the modified Hardy’s conditions (4)
can be expressed as
P (+,+, ...,+|uˆ1, uˆ2, ..., uˆN ) = q > 0, (7)
∀ r ≤ N : P (+,+|vˆr, uˆr+1) = 0, (8)
P (−,−, ...,−|vˆ1, vˆ2, ..., vˆN ) = 0. (9)
Lemma 1.1. Only a unique pure genuinely entangled
N -qubit state satisfies (7-9).
Proof. We show the uniqueness proof only, the proof for
the genuine N -qubit entanglement follows from Theorem
1. Let us denote the eigenstates of uˆj (vˆj) with eigenvalue
+1 and −1 by | 0j〉(|+〉j) and | 1j〉(| −〉j), respectively.
Take N -qubit product states for which the measurements
specified in Eqn. (8) give a probability equal to 1, which
belong to the following family:
|φ(x1, .., x2,+r, 0r+1, xr+2, .., xN )〉
≡ |x1〉....|xr−1〉|+r〉| 0r+1〉|xr+2〉....|xN 〉,
(10)
where |xj〉 ∈ {| 0j〉, | 1j〉, |+〉j , | −〉j}, and the product
state
|φ0〉 ≡ |−〉|−〉........| −〉. (11)
for which P (−,−, ..,−|vˆ1, vˆ2, .., vˆN ) = 1. Consider addi-
tionally a product state
|φ+〉 = | 0〉| 0〉....| 0〉....| 0〉 (or, simply | 00...0...0〉), (12)
for which P (+,+, ..,+|uˆ1, uˆ2, .., uˆN) = 1, compare Eqn.
(7). Note that the product states given in Eqns. (10-12)
are not linearly independent. Let’s define a new product
basis:
| 00...0...0〉 = |φ+〉
| 00...01l0...0〉 =
1
βl
[|φk(0, .., 0,+l, 0, ..., 0)〉 − αl|φ+〉] , ∀l,
| 0...01l0...01m0...0〉 =
1
βlβm
[
|φk(0, ..., 0,+l, 0, ..., 0,+m, 0, ..., 0)〉 − αlαm|φ+〉
− βlαm| 00...01l0...0〉 − αlβm| 00...01m0...0〉
]
, ∀l 6= m,
| 0...01l0...01m0...01k0...0〉 =
1
βlβmβk
[
|φk(0, ..., 0,+l, 0, ..., 0,+m, 0, ..., 0,+k, 0, ..., 0)〉 − αlαmαk|φ+〉 − αlαmβk| 00...01k0...0〉
− αlβmαk| 00...01m0...0〉 − βlαmαk| 00...01l0...0〉 − αlβmβk| 00...01m0...01k0...0〉
− βlαmβk| 00...01l0...01k0...0〉 − βlβmαk| 00...01l0...01m0...0〉
]
, ∀l 6= m 6= k 6= l,
......
| 11...1...1〉 =
(−1)N∏N
i=1 α
∗
i
[
|φ0〉 −
{
 N∏
j=1
β∗j

 |φ+〉+ (−1)1 N∑
i=1
α∗i

 N∏
j=1,j 6=i
β∗j

 | 00...01i0...0〉+
+ (−1)2
N∑
i,l=1,i6=l
α∗iα
∗
l

 N∏
j=1,j 6=i,l
β∗j

 | 00...01i0...01l0...0〉+ ..........
+ (−1)N−1
N∑
j=1
β∗j

 N∏
i=1,i6=j
α∗i

 | 11...10j1...1〉
}]
,
where |+〉j = αj | 0〉j + βj | 1〉j , and | −〉j = β
∗
j | 0〉j −
α∗j | 1〉j with |αj |
2 + |βj |
2 = 1. As we were able to
construct the basis, product states given in Eqns. (10-
12) must span the full 2N -dimensional Hilbert space.
Let S1 = {|φ(x1, .., x2,+r, 0r+1, xr+2, .., xN )〉}, be the
subspace spanned by the product states given in Eqn.
(10). Since |φ+〉 6⊥ |φ0〉, whereas |φ0〉 ⊥ S1, there-
fore, |φ+〉 6∈ S1. However, since |φ0〉 and |φ+〉 are lin-
early independent and S1 ∪ {|φ0〉, |φ+〉} spans the full
2N -dimensional Hilbert space, therefore, S1 must be a
(2N − 2)-dimensional, hence the dimension of the sub-
space S, which it the one spanned by S1 ∪ {|φ0〉} must
be 2N − 1. Thus, to satisfy the conditions (7-9) a state ρ
has to be orthogonal to the subspace S. But, the subspace
5orthogonal to S is one dimensional. Thus, ρ is a unique
pure state.
Thus, an important feature of original Hardy-type two-
qubit argument is preserved. This feature is missing in
most of other multipartite Bell-type tests and totally ab-
sent in the case of generalized Hardy-type argument (3)
for more than two-qubit case.
Conclusions. In summary, our modified Hardy-type
test does not involve any statistical inequality. For N
qubit systems, we prove the uniqueness and purity of
the Hardy state, and for the general case its genuine N -
partite entanglement. Finally we remark that we also
studied the maximum probability of success, q, of the
modified Hardy-type test (4) for three two-level systems
under a generalized non-signaling theory (GNST) and in
quantum theory. We found that the maximum value of
the probability for quantum theory is 0.0181938, and for
GNST it is 1/3. Interestingly, for both cases maximal q is
lower than for two two-level systems. Whereas, the max-
imum probability of success of conventional Hardy-type
argument (3) in GNST for both two two-level systems
and three two-level systems turns out to be 1
2
[24].
On the course of preparing this work we have learned
about other generalization of Hardy paradox for qubits
system [25], greatly inspired by our result, presented in
[26], an arXiv e-print superseded by this manuscript.
This shows that manipulating the conditions used in the
Hardy paradox allow to choose a class of multi-qubit en-
tanglement detected, but the key feature is to refer to
marginal probabilities.
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